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1. INTRODUCTION

Levine [7] introduced generalized closed sets in
general topology as a generalization of closed sets.
Kelly [5] introduced the concepts of bitopological
spaces. K. Bhuvaneswari et al [3] introduce on
nano generalized pre closed sets and nano pre
generalized closed sets in nano topological spaces.
A. Pandi [8] introduced some modifications of
nano bitopological spaces.

In this paper, we introduce a new class of sets
namely  nano (1,2)*-Q -closed sets in nano
bitopological spaces. This class lies between the
class of nano (1,2)*- § ,-closed sets and the class
of nano (1,2)*- & g-closed sets.

2. PRELIMINARIES

Definition 2.1 [9]

Let U be a non-empty finite set of objects called
the universe and R be an equivalence relation on U
named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to
be indiscernible with one another. The pair (U, R)
is said to be the approximation space. Let X = I7.

1. The lower approximation of X with respect to R
is the set of all objects, which can be for certain
classified as X with respect to R and it is denoted

by Lo {X).

That is, Lg(X) =U,.y {R(x):R(x) € X}, where
R(x) denotes the equivalence class determined by
X.

2. The upper approximation of X with respect to R
is the set of all objects, which can be possibly
classified as X with respect to R and it is denoted
by Uz (X0 That is,
Up(X) = Upey (R(x):R(x) N X # @},

3. The boundary region of X with respect to R is
the set of all objects, which can be classified
neither as X nor as not - X with respect to R and it
is denoted by Bn(X). That is,
Ba(X) = Up (X) — La(X).

Property 2.2 [6] If {(L/,R) is an approximation
space and X, ¥ < I7; then

LLg(X)E X S U (X);

2 Le(@) =Ug(®) =¢ and
Le(U)=Ug(U) =U;

BUL(XUY) =Ug(X)U Ug(Y);

AU (XNY) S U (X)nUg(Y);

5 Lg(XUY) 2 L(X)U Lg(Y);

6. Le(XnY) S Lo(X)n Lg(Y);

7. Lap(X)S La(Y) and Ug(X) S Ugx(Y)
whenever X & ¥;

8. Ugp(X°) = [Lr(X)]° and
La(X9) = [Up(X¥)];

9. UpUg(X) = LgUg(X) = Ug(X);

10. LgLg(X) = UL z(X) = Lz(X).

Definition 2.3 [6] Let U be the universe, R be an
equivalence relation on U and
o (X} = {U. @, Lg(X) Up (X)), B (X)} where
X 7. Then by the Property 2.2, tr(X) satisfies
the following axioms:
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1. Uand ¢ £ 75X},

2. The union of the elements of any sub collection
of zp (X} is in Tz (X,

3. The intersection of the elements of any finite
subcollection of 74 (X7} is in 75X

That is, (X} is a topology on U called the nano
topology on U with respect to X. We call
(U.72(X)) as the nano topological space. The

elements of 7{ X} are called as nano open sets and
[tz (X)]° is called as the dual nano topology of

(72 (X))

Remark 2.4 [6] If [zz(X] is the nano topology on
U with respect to X, then the set
B =1{U.¢. La(X). Bz (X} is the basis for 75 (X).

Throughout this thesis, (U, 7z, ,(X)) (briefly, U)

will denote nano bitopological space.

Definition 2.5 [8]
Let S be a subset of U. Then S is said to be

Ty, (X)-open if S =AU B where A € 1, (X,)
and B € T, (X; ).
The complement of rz _(X)-open set is called

Tz, ,(X)-Closed.

Definition 2.6 [8]

Let S be a subset of a nano bitopological space U.

Then

(i) the nano , , (X)-closure of S, denoted by
N7z, (X)-cl(S), is defined as N {F: S c
Fand Fis t5, , (X)-closed}.

(ii) the nano 75, , (X)-interior of S, denoted by

Nrg, , (X)-Int(S), is defined as U {F : F

Sand Fis 7z, ,(X)-open}.

Definition 2.7

A subset A of a nano bitopological space U is
called
(i) nano (1,2)*-semi-open set [4] if A <

N7z, -Cl(N7g, -int(A));
(i) nano (1,2)*- & -open set [2] if A= Nz -

int(Nrz, -CI(NT5, _-int(A));

The complements of the above mentioned open sets
are called their respective closed sets.

The nano (1,2)*-semi-closure (resp. Nano (1,2)*-
o -closure) of a subset A of U, denoted by
N(1,2)*-scl(A) (resp. N(1,2)*- cl(A)) is defined
to be the intersection of all nano (1,2)*-semi-closed
(resp. Nano (1,2)*- «x -closed) sets of U containing
A. It is known that N(1,2)*-scl(A) (resp. N(1,2)*-
a cl(A)) is a nano (1,2)*-semi-closed (resp. Nano
(1,2)*- o -closed) set.

Definition 2.8
A subset A of a nano bitopological space U is
called

(i) nano (1,2)*-g-closed set [1] if Nt .-

cl(A) c U whenever A c U and U is

Tz, ,(X)-open in U. The complement of

nano (1,2)*-g-closed set is called nano
(1,2)*-g-open set;

(i) nano (1,2)*-sg-closed set [4] if N(1,2)*-
scl(A) < U whenever A < U and U is
nano (1,2)*-semi-open in U. The
complement of nano (1,2)*-sg-closed set
is called nano (1,2)*-sg-open set;

(i) nano (1,2)*-gs-closed set [8] if N(1,2)*-
scl(A) c U whenever A c U and U is
Tz, ,(X)-open in U. The complement of

nano (1,2)*-gs-closed set is called nano
(1,2)*-gs-open set;

(iv) nano (1,2)*- & g-closed set [8] if N(1,2)*-
acl(A) c U whenever A c U and U is

Tz, ,(X)-open in U. The complement of
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nano (1,2)*- & g-closed set is called nano
(1,2)*- o g-open set;

(v) nano (1,2)*-g-closed set [8] if Nty .-

cl(A) < U whenever A c U and U is nano
(1,2)*-semi-open in U. The complement
of nano (1,2)*-g-closed set is called nano
(1,2)*-g-open set;

(vi) nano (1,2)*-y -closed set [8] if N(1,2)*-

scl(A) < U whenever A c U and U is
nano (1,2)*-sg-open in U. The
complement of nano (1,2)*- -closed set
is called nano (1,2)*- 1 -open set;

Remark 2.9

(i) Every 5, _-closed set is nano (1,2)*-semi-

closed but not conversely [4].

(ii) Every N7, _-closed set is nano (1,2)*- & -

closed but not conversely [2].

(iii) Every nano (1,2)*-semi-closed set is nano
(1,2)*- -closed but not conversely [8].

(iv) Every nano (1,2)*-semi-closed set is nano
(1,2)*-sg-closed but not conversely [8].

(v) Every nano (1,2)*-g-closed set is nano
(1,2)*-g-closed but not conversely [8].
(vi) Every nano (1,2)*-sg-closed set is nano

(1,2)*-gs-closed but not conversely [8].
(vii) Every nano (1,2)*-g-closed set is nano

(1,2)*- & g-closed but not conversely [8].
(viii)  Every nano (1,2)*-g-closed set is nano

(1,2)*-gs-closed but not conversely [8].

3. Nano (1,2)*- § -CLOSED SETS

We introduce the following definitions.

Definition 3.1
A subset A of a bitopological space U is called

nano (1,2)*-B-open set if A < Ntz -Cl(N7g, -

int(N7, ,-CI(A))).

The complements of nano (1,2)*-B-open set is
called nano (1,2)*-pB- closed set.
(i) nano (1,2)*- § -closed set if N7z, ,-Cl(A)

< U whenever A < U and U is nano
(1,2)*-sg-open in U.

(iii) nano (1,2)*- ’g -closed if N(1,2)*- & cl(A)
< U whenever A < U and U is nano
(1,2)*- g -open in U.

(iv) nano (1,2)*-§,-closed set if N(1,2)*

a cl(A) c U whenever Ac Uand U is
nano (1,2)*-sg-open in U.

(v) nano (1,2)*-gsp-closed set if N(1,2)*-
spcl(A) < U whenever A < U and U is
Nty ,-0pen in U.

The complements of the above mentioned closed
sets are called their respective open sets.

Proposition 3.2

Every tj, ,-closed set is nano (1,2)*- g -closed.

Proof

If Alisa ry -closed subset of U and G is any nano

(1,2)*-sg-open set containing A, then G o A =
N7z, ,-cl(A). Hence A is nano (1,2)*- ¢ -closed in

u.

The converse of Proposition 3.2 need not be true as
seen from the following example.

Example 3.3 Let y = {a, b, c, d} With y/r, ={{a},
b}, {c, d}}and x, ={a, b}. Then =g, Xy} = {{¢,

U, {a, b}}, UIR,={{a}, {d}, {b, c}}and Xz= {b,
c}. Then 1g,(Xz) = {¢, U, {b, c}}. Then

Tg,,(X)={¢, U, {a b}, {b, c}, {a b, c}}. Clearly,

the set {b, d} is a nano (1,2)*- § -closed but it is

not a 7, -Closed.

Proposition 3.4
Every nano (1,2)*- (j -closed set is nano (1,2)*-

g, -closed.
Proof

If A'is a nano (1,2)*- §j -closed subset of U and G
is any nano (1,2)*-sg-open set containing A, then
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G 2 Nrg, -cl(A) 2 N(1,2)*-x cl(A). Hence A is

nano (1,2)*- §, -closed in U.

The converse of Proposition 3.4 need not be true as
seen from the following example.

Example 3.5
Let y = {a, b, ¢, d} With y/r, ={{a}, {b}, {c,

d}}and x, ={a, b}. Then =g X, ) ={¢, U, {a, b}},
U/R,={{a}, {b, c}, {d}}and X,= {b, c}. Then
TR, {h!] :{d)l u, {b, C}} Then Ta, :{X] :{¢1 U, {a:

b}, {b, c}, {a, b, c}}. Clearly, the set {a} is an nano
(1,2)*- ¢, -closed but not a nano (1,2)*- §j -closed
set in U.

Proposition 3.6
Every nano (1,2)*- §j -closed set is nano (1,2)*- -
closed.

Proof
If A'is a nano (1,2)*- §j -closed subset of U and G
is any nano (1,2)*-sg-open set containing A, then G

2 Ntg, -Cl(A) 2 N(1,2)*-scl(A). Hence A is nano

(1,2)*- -closed in U.

The converse of Proposition 3.6 need not be true as
seen from the following example.

Example 3.7
In Example 3.5. Clearly, the set {c} is a nano

(1,2)*- -closed but not a nano (1,2)*- §j -closed
setinU.

Proposition 3.8
Every nano (1,2)*- (j -closed set is nano (1,2)*-g-
closed.

Proof
Suppose that A < G and G is nano (1,2)*-semi-
open in U. Since every nano (1,2)*-semi-open set

is nano (1,2)*-sg-open and A is nano (1,2)*- (-

closed, therefore Ntz ,-cl(A) < G. Hence A is

A

nano (1,2)*-g-closed in U.

The converse of Proposition 3.8 need not be true as
seen from the following example.

Example 3.9

In Example 3.5. Clearly, the set {a, c} is a nano
(1,2)*-g-closed but not a nano (1,2)*- § -closed set
in U.

Proposition 3.10
Every nano (1,2)*-« -closed set is nano (1,2)*-

g, -closed.

Proof

If A'is an nano (1,2)*- & -closed subset of U and G
is any nano (1,2)*-sg-open set containing A, we
have N(1,2)*-« cl(A) = A < G. Hence A is nano

(1,2)*- ¢, -closed in U.

The converse of Proposition 3.10 need not be true
as seen from the following example.

Example 3.11
In Example 3.5. Clearly, the set {a, c, d} is an

nano (1,2)*- ¢, -closed but not an nano (1,2)*- « -
closed set in U.

Remark 3.12

Nano (1,2)*-g-closed set is different from nano
(1,2)*- g -closed.

Example 3.13

(i) In Example 3.5. Then {a} is nano (1,2)*-
g -closed set but not nano (1,2)*-( -
closed.

(i) In Example 3.5. Then {a, c} is nano
(1,2)*- g -closed set but not nano (1,2)*-
g -closed.

Proposition 3.14
Every nano (1,2)*- §j -closed set is nano (1,2)*-g-
closed.

Proof
If A'is a nano (1,2)*- §j -closed subset of U and G
is any Nrty,-0open set containing A, since every

Ta, ,-Open set is (1,2)*-sg-open, we have G >

N7z, ,-cl(A). Hence A is nano (1,2)*-g-closed in U.
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The converse of Proposition 3.14 need not be true
as seen from the following example.

Example 3.15
In Example 3.5. Clearly, the set {a, b, d} is a nano

(1,2)*-g-closed but not a nano (1,2)*- § -closed set
in U.

Proposition 3.16
Every nano (1,2)*- ﬁ -closed set is nano (1,2)*-
oq -closed.

Proof
If Ais a nano (1,2)*- g” -closed subset of U and G

is any 1z ,-Oopen set containing A, since every
Tz, ,-OPeN set is nano (1,2)*- § -open, we have

(1,2)*-a -N7z, -cl(A) cU. Hence A is nano

(1,2)*- g -closed in U.

The converse of Proposition 3.16 need not be true
as seen from the following example.

Example 3.17
In Example 3.5, {b, d} is nano (1,2)*- & g-closed

set but not nano (1,2)*- g -closed.

Proposition 3.18
Every nano (1,2)*- { -closed set is nano (1,2)*
o g-closed.

Proof
If A'is a nano (1,2)*- §j -closed subset of U and G

is any g, ,-Open set containing A, since every
Tz, ,-Open set is nano (1,2)*-sg-open, we have G o

Nrg, ,-cl(A) = N(1,2)*- & cl(A). Hence A is nano
(1,2)*- o g-closed in U.

The converse of Proposition 3.18 need not be true
as seen from the following example.

Example 3.19
In Example 3.5. Clearly, the set {c} is an nano

(1,2)*- & g-closed but not a nano (1,2)*- ¢ -closed
set in U.

Proposition 3.20
Every nano (1,2)*- §j -closed set is nano (1,2)*-gs-
closed.

Proof
If A'is a nano (1,2)*- (j -closed subset of U and G

is any tz ,-Open set containing A, since every
Tz, ,-Open set is nano (1,2)*-sg-open, we have G o

N7z, ,-Cl(A) 2 N(1,2)*-scl(A). Hence A is nano
(1,2)*-gs-closed in U.

The converse of Proposition 3.20 need not be true
as seen from the following example.

Example 3.21
In Example 3.5. Clearly, the set {b, c, d} is a nano

(1,2)*-gs-closed but not a nano (1,2)*- §j -closed
setin U.

Proposition 3.22
Every nano (1,2)*- §j -closed set is nano (1,2)*-sg-
closed.

Proof

If A'is a nano (1,2)*- (j -closed subset of U and G
is any nano (1,2)*-semi-open set containing A,
since every nano (1,2)*-semi-open set is nano

(1,2)*-sg-open, we have G 2 Nrp -Cl(A) 2

N(1,2)*-scl(A). Hence A is nano (1,2)*-sg-closed
in U.

The converse of Proposition 3.22 need not be true
as seen from the following example.

Example 3.23
In Example 3.5. Clearly, the set {c} is a nano

(1,2)*-sg-closed but not a nano (1,2)*- §j -closed
setin U.

Proposition 3.24
Every nano (1,2)*-§, -closed set is nano (1,2)*-

g -closed.

Proof
If A is an nano (1,2)*- §j, -closed subset of U and

G is any nano (1,2)*-§ -open set containing A,
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since every nano (1,2)*- § -open set is nano (1,2)*-
sg-open, we have N(1,2)*-« cl(A) < G. Hence A
is nano (1,2)*- g -closed in U.

The converse of Proposition 3.24 need not be true
as seen from the following example.

Example 3.25
In Example 3.5, {a, b, d} is nano (1,2)*- § -closed

set but not nano (1,2)*- §j ,-closed.

Proposition 3.26
Every nano (1,2)*- ¢ -closed set is nano (1,2)*- g‘ -
closed.

Proof
If A is an nano (1,2)*- & -closed subset of U and G

is any nano (1,2)*- § -open set containing A, we
have N(1,2)*- & cl(A) = A < G. Hence A is nano
(1,2)*- g -closed in U.

The converse of Proposition 3.26 need not be true
as seen from the following example.

Example 3.27
In Example 3.5. Then {a, c, d} is nano (1,2)*- g -
closed set but not nano (1,2)*- ¢ -closed.

Proposition 3.28
Every nano (1,2)*-1 -closed set is nano (1,2)*-sg-

closed.

Proof

Suppose that A < G and G is nano (1,2)*-semi-
open in U. Since every nano (1,2)*-semi-open set
is nano (1,2)*-sg-open and A is nano (1,2)*-y -

closed, therefore N(1,2)*-scl(A) < G. Hence A is
nano (1,2)*-sg-closed in U.

The converse of Proposition 3.28 need not be true
as seen from the following example.

Example 3.29
Let U = {a, b, ¢} With y/r, ={{a}, {b, c}}and x, =

{a}' Then Tg, {Xl] = '[(I)l U, {a}}! U/RZZ{{a}' {b’

c}}and X;={b, c}. Then g, (X;) = {¢, U, {b, c}}.

Then 7z (X} ={¢, U, {a}, {b, c}}. Clearly, the set

{a, c} is a nano (1,2)*-sg-closed but not a nano
(1,2)*-y -closed set in U.

Proposition 3.30
Every nano (1,2)*- (j -closed set is nano (1,2)*-gsp-
closed.

Proof
If A'is a nano (1,2)*- (j -closed subset of U and G

is any tz ,-Open set containing A, since every
Tz, ,-Open set is nano (1,2)*-sg-open, we have G o

N7z, ,-Cl(A) 2 N(1,2)*-spcl(A). Hence A is nano
(1,2)*-gsp-closed in U.

The converse of Proposition 3.30 need not be true
as seen from the following example.

Example 3.31

In Example 3.5. Clearly, the set {a, b} is a nano
(1,2)*-gsp-closed but not a nano (1,2)*- §j -closed
setin U.

Proposition 3.32
Every nano (1,2)*-g-closed set is nano (1,2)*-sg-
closed.

Proof
If Ais a nano (1,2)*-g-closed subset of U and G is
any nano (1,2)*-semi-open set containing A, then

G 2 Nrg, ,-cl(A) 2 N(1,2)*-scl(A). Hence A is
nano (1,2)*-sg-closed in U.

The converse of Proposition 3.32 need not be true
as seen from the following example.

Example 3.33
In Example 3.5. Clearly, the set {a} is a nano

(1,2)*-sg-closed but not a nano (1,2)*-g-closed set
in U.
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Remark 3.34

From the above Propositions, Examples and
Remark, we obtain the following diagram, where
A — B (resp. A B) represents A implies B

but not conversely (resp. A and B are independent
of each other).

where
(1) nano (1,2)*- & -closed

(2)nano (1,2)*- g, -closed
(3) nano (1,2)*- g -closed
(4) nano (1,2)*- & g-closed

(5) 7, ,-Closed

(6) nano (1,2)*- ¢ -closed
(7) nano (1,2)*-g-closed
(8) nano (1,2)*- g-closed
(9) nano (1,2)*-semi-closed
(10) nano (1,2)*-y -closed
(11) nano (1,2)*-sg-closed
(12)nano (1,2)*-gs-closed

Remark 3.35
The concepts of nano (1,2)*-(3 -closed sets and
nano (1,2)*-g-closed sets are independent.

Example 3.36

(i) In Example 3.5. Clearly {a, c} is nano
(1,2)*-g-closed set but it is not nano
(1,2)*- g -closed set.

(i) In Example 3.5. Then {c} is nano (1,2)*-
g -closed set but it is not nano (1,2)*-g-
closed set.

4. CONCLUSION
In this paper lies between the class of nano (1,2)*-

g, -closed sets and the class of nano (1,2)*-« g-

closed sets. In future, | will discuss more
applications of nano topological spaces.
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